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The rate coefficients for electron collisional-radiative ionization and recombination have been
calculated on the basis of a simplified level scheme for hydrogenic ions in a homogeneous and
fully contained plasma with self-absorption for (Doppler broadened) Lyman a radiation. The energy
distribution of the electrons is assumed to be Maxwellian. Photoionization is neglected. The cal-
culation have been done for a range of electron temperature of Z2 to 10 Z2 eV and electron density
of 10 Z7 to 1024 Z7" m—3, where Z is the charge number of the bare nucleus.

1. Introduction

For a hydrogenic plasma, i.e., a plasma that
consists of ions or atoms with only one electron
around the nucleus and of bare nuclei, the electronic
ionization and recombination rate coefficients have
been numerically computed in detail. The plasma
was assumed to be optically thin, either throughout
the spectrum (case A)%%3, or throughout the
spectrum except for resonance radiation, which is
completely absorbed (case B)3 4.

However, if the plasma is neither optically thin
nor thick towards the resonance lines the rate coeffi-
cients depend also on the optical depths of the
plasma for the resonance lines. An exact computa-
tion is complicated and would require a detailed
solution of the equations for radiative transfer
coupled with those determining the level populations
of the ions or atoms.

In this paper we have tried, for the purpose of
making estimates in plasma physical problems, to
extend the results from previous computer calcula-
tions 174 to the intermediate range between cases A
and B by using an approximate model® for the
collisional and radiative processes in the hydro-
genic ion or atom.

According to Holstein’s treatment ¢ the influence
of resonance radiation trapping is taken into account
by the reduction of the spontaneous transition prob-
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ability of the Lyman a line by a numerical factor
indicating the average probability for the resonance
photons to escape out of the plasma volume.

In the above-mentioned computations the assump-
tion is always made that for each set of values of
the electron temperature, T, and density, n,,
respectively, the population density of each excited
state of the ion or atom is established instantane-
ously, without the number densities of free elec-
trons, bare nuclei, and hydrogenic ions (atoms)
being appreciably altered. Such a quasi-equilibrium,
in which the excited level populations can be refer-
red to a particular set of densities of ions (atoms)
in the ground state, free electrons, and bare nuclei.
is possible if the relaxation times for the excited
levels are much shorter than those for the ground
level or the free electrons. It can be shown that in
the considered region of electron temperatures and
densities the conditions for the quasi-equilibrium
are satisfied . For the results to be applicable to
transient plasmas, it has to be verified that the
relaxation times for the equilibrium are much
shorter than the characteristic times for the relevant
plasma parameters, e.g., T, and n, .

In the computations it is assumed that the elec-
trons have a Maxwellian energy distribution. This
implies that the mean free path for elastic electron-
electron collisions must be smaller than the plasma
dimensions and, in the case of a transient plasma,
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IONIZATION IN A HYDROGEN PLASMA

the electron-electron collision time must be much
shorter than the characteristic times of the plasma
parameters. Further, the ratio of the electron to the
hydrogenic ion density must be high enough (i.e.,
> 1072 in the considered electron temperature
region) in order that inelastic collisions between
electrons and ions cannot influence the tail of the
electron energy distribution.

For example, in a pinch discharge of modest
temperature, say several tens of eV, the conditions
above are met approximately.

Because in the equations of continuity the diver-
gences of the particle fluxes are ignored (assump-
tion of homogeneity), the results are not applicable
to those regions of the plasma where strong gradients
in temperature and density exist.

The plasma is assumed to be fully contained in
that sense that diffusion into and from the plasma
particles, especially neutrals?, cannot affect the
degree of ionization and excitation in the plasma.
For a hydrogéen plasma the effect of atom-atom
collisions ® is neclected so that the ionization degree
should be high enough (i.e., > 1073).

Finally, photoionization is neglected, i.e., the
plasma is assumed to be optically thin towards
continuum radiation.

2. Scheme of Processes and Rate Equations

The physical processes, which occur in the ion-
ization of hydrogenic ions or atoms of charge num-
ber Z—1 to form bare nuclei of charge number Z
as well as in the inverse recombination process, will
be considered on the basis of a simplified level
scheme. These processes, with their rate coefficients
in parenthesis, are (cf. Fig. 1) :

(i) Collisional ionization from level 1 (Si.), (ii)
radiative recombination to level 1 (a.), (iii) col-
lisional excitation 1—-2(S;5), (iv) collisional de-
excitation 2—1(S,,), (v) radiative decay (corrected
for self-absorption) of level 2 to the ground level 1
(Tyy A51), (vi) collisional ionization from level 2,
direct and, at higher n., also through excitation
from upper bound levels p(Ss), (vii) collisional-
radiative recombination to level 2, i.e., radiative and
three-body recombination, either direct or stepwise
through radiative decay and collisional de-excita-
tion from levels p (acs).

7 H.-W. DRAWIN, Z. Phys. 186, 99 [1965].
8 H.-W. DrRAWIN, Z. Phys. 225, 483 [1969].
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Fig. 1. Schematic representation of electron collisional and
radiative processes in a simplified level diagram for a hydro-
genic ion or atom with charge number Z—1.

Dielectronic recombination? is not possible be-
cause for this process the ion must have at least two
electrons.

In the level diagram

E;_1(p,q) =13.6 22| p~2—q2|(eV)

is the absolute energy difference between the levels
with principal quantum numbers p and ¢, re-
spectively, and Ez_1(p,c) =13.6Z2p~2(eV) the
energy of ionization from level p to the continuum
().

In the hydrogenic level scheme the first excited
level lies already at 3/4 times the total ionization
energy above the ground level. Because we will
assume that £ T.<Ez_;(1,2) we may expect that
the first excited level will play a dominant role in
the stepwise processes. Therefore, in the rate equa-
tions for the level populations we have presented
explicitly only the ground and first excited level
and we have put the effect of the higher levels into
the rate coefficients Sy, and o, , which therefore
depend, except on T, also on n, .

We now consider a plasma that consists of Z—1
times charged hydrogenic ions (atoms) and of Z
times charged bare nuclei. It is assumed here that
the preceding ionization stage is stationary so that
ionization or recombination of ions of charge Z—2
or Z—1, respectively, can be neglected. The
same holds for the succeeding ionization stage
(Z)3(Z+1). Then the rate equations that govern

9 A. BURGESS, Astrophys. J. 139, 776 [1964].
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the population densities, nz_3(1) and nz_;(2), of
the ground and first excited level, respectively, of
the hydrogenic ion or atom can be written as:

Onz_1(1)/3t=—nz_1(1) ne(Sic + Si2)
+ne{nz_1(2) (So1+Toy Aoi[ne) +nzacy, (1)

Onz-1(2)/3t=—nz_1(2) ne(Ssc+ Sot + To1 Azt/ne)
+ne{nz_-1(1) Sig+nzac) , (2)

where ny is the number density of the bare nuclei.
The divergences of the particle fluxes are neglected
in the equations because the plasma is assumed to
be homogeneous and fully contained. Provided the
relaxation time of the excited level is much shorter
than that of the ground level, which is generally
true 1% 11 it follows that nz_;(2) quickly rises to a
quasi-equilibrium value (the symbol Q denoting the
quasi-equilibrium)
nz-1(1) S;p+nz ace

nz_1,q(2) = Soc+Say+Toy Aoy/ne

and that thereafter
Onz_1(1)/3t=—nz_1(1) neSz_1+nzn.az, (3)

where
B =B ey S (4)
B 1 S2c+s21+T21 A21/"e A
and
_ Sy + Ty Ay/ne
aZ_ aCI + S2C+S21+T2l A?l/"’e acg' (5)

Because, if kT, <E;_1(1,2), the excited level popu-
lations are much less than the ground level popula-
tion, and the quasi-equilibrium ensures that the
population of the excited levels is established effec-
tively instantaneously, it follows that

anz_l(].)/at%anz_l/at,

where nz_; is the total density of ions (atoms)
(including all excited states) with charge number
Z—1. The fraction in the right-hand member of
Eq. (5) or (6) represents the relative number of
electrons transferred out of level 2 that goes upward
or downward, respectively. The quantities Sz_; and
az are to be interpreted as effective coefficients for
ionization and recombination, resulting from the
combined action of collisional and radiative proces-
ses. They were named by BATES et al. 1+ 4 collisional-

10 R. W. P. McWHIRTER and A. G. HEARN, Proc. Phys. Soc.
London 82, 641 [1963].

11 H.-W. DrawIN, J. Quant. Spectrosc. Radiat. Transfer 10,
33 [1970].
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radiative ionization and recombination coefficient,
respectively. These coefficients depend on T, n,,
and various atomic parameters.

According to appropriate scaling laws! we can
write the temperatures, densities, and rate coeffi-
cients in a reduced form that becomes independent
of the specific nuclear charge number, Z. We intro-
duce the reduced electron temperature and density

O=kT, /72, n=n/Z7,
and the reduced rate coefficients

Spg=2%Spq, S*=238;_4,

a;c = apc/Z ’ a*=az/Z, A;Jq = AM/Z4 .
Substituting the reduced quantities into the Eqgs. (4)
and (5) we obtain for the reduced coefficients for
ionization and recombination
N
S;. +85:+ Ty A:l/"]

* So1+Toy A i R
* 21 4*21, * -
W =Gt g Ty ARy % (7)

§* = S+

SI29 (6)

be for the region ® =1 to 10 eV (where the change
of ionization phase usually takes place) 12:

Sie=94x10715 4 0" exp{—13.6/0},  (8a)
S3e =2.1 x 10713{1 + 30 @~ 52/ ( + 1020) "/}

‘exp{ —3.4/0}, (8b)
S1e =1.2x 10713 B O " exp{ —10.2/0} , (8¢)
S3 =3.0x10"14B O, (8d)
0p =1.2x10719 @ (8e)

deg =2.5x10~ G
{14+3x107200719(+10%)/(n+108)},
(81)

(8g)

where the collisional rate coefficients are expressed
in m3s™1, the transition probability in s™!, ®@ in
eV, and 7 in m~3. The values of the coefficients A
and B are: A=0.6(Z=1), 1(Z=2), 1.3(Z2>2);
B=0.040(Z=1), 1(Z>1). In the expressions
for S5, and age the factors between braces represent
the effect of stepwise processes through the upper
bound levels. They have been fitted empirically by
a comparison with Drawin’s 3 computations.

Aél =4.7 x 108 5

12 R. MewE, Rijnhuizen Report 70-61 (in English), Jutphaas
1970.



IONIZATION IN A HYDROGEN PLASMA

3. Trapping of Resonance Radiation

The effect of resonance radiation trapping we
take into account by reducing the spontaneous emis-
sion probability, 45y, of the Lyman a transition
2—>1 by a fractional factor Ty, introduced by
Holstein who named it escape factor é. It represents
the average probability for escape from the plasma
volume of a resonance photon emitted in the transi-
tion 2— 1. For a Doppler broadened line it has,
for large optical thickness, the following asymptoti-
cal form 6:

Ty, 2Clr(lnt)” (x> 1), (9)

where 7 is the total optical thickness of the plasma
at the line centre, and C is a numerical factor of
the order of 1. This formula is valid under the
conditions that the rate of de-excitation by electron
collisions of the resonance level is less than the net
radiative de-excitation rate: n,Ss; < Tsy Ay . In
the high electron density limit (n, Sy > Ty; 45,) C
begins to deviate from one and approaches about
the value In713. However, in this case the precise
value of T, does not matter because then the
population of the upper level 2 is determined by
collision processes.

Since a comparison !* between the escape factor
method and detailed numerical calculations of the
radiative transfer in a homogeneous plasma slab
with two-level atoms?!® shows that the results for
the excited level populations in the centre of the
plasma always agree within 50% for 1=10"1—10%,
it seems to be justified to estimate the influence of
radiation trapping in such an approximative man-
ner.

We have slightly modified Eq. (9) (with C=1)
so as to extend its validity towards small optical
depths. By writing

Toy=[1+7{In(1+7)}"]™* (10)

we obtain a formula that fits within 30% the expres-
sion given by MITCHELL and ZEMANSKY 6 for
7 < 4.5 (the quantity 4; on p. 323 of the quoted
reference).

The optical depth, 7, equals the absorption coef-
ficient per unit length at the line centre times a

13 P. J. WaLsH, Phys. Rev. 107, 338 [1957].

14 R. W. P. MCWHIRTER, Ch. 5 of Plasma Diagnostic Tech-
niques (Eds. R. H. HupDpLESTONE and S. L. LEONARD),
Academic Press, New York 1965.

15 A. G. HEARN, Proc Phys. Soc. 81, 648 [1963].
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characteristic linear dimension, [, of the homogene-
ous plasma volume. Taking C=1 in Eq. (9) we find
for several geometries:

infinite plasma slab:

1 = L = the thickness of the slab ©;
infinitely long plasma cylinder:

l = R = the radius of the cylinder;

sphere:
I =% R = half the radius of the sphere.

The optical depth at the centre of a Doppler
broadened Lyman a line of a homogeneous plasma
cylinder of radius R is given by 17

1=5.44x 10~18 R* y O, (11)

where the reduced radius, R*, is given by
R* =Z%(nz_1 (1) [ne) (Mz_1To/Tz_1)"R. (12)

Here, T;_, is the temperature of the hydrogenic
ions (atoms) of charge Z—1, and Mz _; is the ion
mass in terms of the mass of a hydrogen atom. The
latter formula shows that the effect of self-absorp-
tion on the reduced ionization and recombination
rates rapidly increases with increasing atomic num-

ber, Z.

We will consider two important assumptions made
in this section.

(i) Stimulated emission is negligible compared
with spontaneous emission. If the Lyman a intensity
(of frequency ») would be equal to the black-body
intensity corresponding to the electron temperature,
the ratio of spontaneous and induced emission is
exp{hv/kT,} —11%155  Thus, if kT.<hv or
© <10.2, the assumption is practically always valid.

(ii) The resonance line profile is determined only
by Doppler broadening. We will briefly consider the
effect that some other broadening mechanisms may

possibly have.

Natural broadening is negligible compared with
Doppler broadening if ' 1<107(kTz_1/Z* My _y),
where the ion temperature, k T;_;, is expressed in

eV.
Pressure (Stark) broadening can be ignored if !

7<4.6 X 1036(k Tz_l/Z4 Mz_1 ’l]‘/:) He 5

16 A. C. G. MrrcHELL and M. W. ZEMANsSKY, Resonance Ra-
diation and Excited Atoms, The University Press, Cam-
bridge 1934.

17 C. W. ALLEN, Astrophysical Quantities, 2nd Ed., The Ath-
lone Press, London 1963.
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where 7 is expressed in m™3. With neutral atoms
(Z=1) also resonance broadening !® can occur. It is
negligible if 1815 7<1051[k To/Myn®(1)], where
ny(1) is the density of neutral atoms in the ground
state (in m™3%) and kT is the atom temperature
(ineV).

Finally, the Zeeman splitting of a normal Lorentz
triplet1® in a magnetic field, B, is smaller than the
full Doppler half-width if B<6.7(kT7z_1Z*/Mz_1)"
(Tesla).

4. Numerical Results for S* and o*
and Discussion

From Egs. (6) —(8) and (10) — (12) one can
evaluate the coefficients S* and a*. As an example,
we have plotted in Figures 2 to 4 the results
against  for ©®=1, 3, and 10 eV and Z=2
(helium).

10 Y T i T v T T T

16"}

"_m

[}

€ R*:=

> (all radiation
trapped)

0:=1eV

R¥=0

(no radiation
E trapped)
16;0;' e— = s 1 n 1
10\4 10‘6 1018 1020 1022 1024

—n(m3)

Fig. 2. Reduced ionization coefficient as a function of reduced
electron density (Z=2).
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Fig. 3. Reduced ionization coefficient as a function of reduced
electron density (Z=2).
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Fig. 4. Reduced recombination coefficient as a function of
reduced electron density (Z=2).

The reduced radius, R*, represents the effect of
resonance radiation trapping. We will estimate it
for a plasma consisting of ions and atoms of only
one species [with atomic number Z and total
density n(Z)] and being in the ionization stage
(Z—1)=Z(Z). Hence we may assume

nz_1(1) =~ nz_y ~ nz =~ } n(Z)
and n, ~(Z—3%)n(Z). Assuming Mz _; ~2Z and
e =~ Tz_1 we find from Eq. (12)
R*~7%22)"(2Z—1)"*R~Z7Z"R. (13)
If also other kinds of ions (of charge X and density

nx) are present in the plasma, R* must be reduced
by a factor

1/{1+ (;nxX)/(Z—%) n(Z)}.

In a transient plasma in the stage (Z—1)<(Z)
self-absorption is more important than in a steady-
state plasma because in the latter case the density
of the hydrogenic ions (atoms) is generally much
lower. For example, in a transient helium plasma
(Z=2) with ®=3¢eV and R=0.01m the transi-
tion between the cases of optical thin and thick
plasma occurs at #=10'"—102m™3 [cf. Figs. 3
and 4, and Eq. (13)] and in the steady-state case®
only at =1021—1022m™3,

We may note that the effect of resonance radia-
tion trapping on the ionization rate has also been

18 A. UNsOLD, Physik der Sternatmosphiren, Springer-Verlag,
Berlin 1955.

19 H. E. WHITE, Introduction to Atomic Spectra, McGraw-
Hill, New York 1934.
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calculated for a cesium plasma on the basis of a
similar model 20. The transition curves show a course
that is comparable with the one given in Figures
2 and 3.

Finally, comparing our results with the solutions
of numerical calculations® we find in the limiting
cases of optical thin and thick plasmas an agree-
ment within about 50%. The transition curves bet-
ween the two limiting cases may have a greater
inaccuracy, say, of about a factor of two.
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The compression temperature of a theta pinch is calculated as a function of the circuit para-
'~
meters and the final f-value of the plasma. One of the results is that the temperature, T, at the

peak magnetic field, ﬁ, scales of (é §) */s, where B is the initial rate of rise of the magnetic field.
A possibility of combining two capacitor banks to increase the implosion heating rate is discussed.

1. Introduction

In the course of work on screw pinches at Jut-
phaas it has been shown 175 that for a toroidal screw
pinch with a longitudinal current of the order of the
Kruskal-Shafranov limit to be stable against kink
modes the B of the plasma must be kept low, say,
B < 0.25 (B=kinetic plasma pressure/confining
magnetic field pressure). In such a screw pinch the
ratio of the axial and azimuthal magnetic field is of
the order of R/ry, in which R is the major and ry
is the minor radius of the toroidal discharge
tube 174, As in practice R/r; > 1, the plasma com-
pression is mainly determined by the axial field, so
that the heating mechanism is similar to that in a
common theta pinch.

The theta pinch is well known for its capability to
produce a hot and dense plasma with a high A.
However, if the f is lowered by trapping a magnetic

* Reprints request to the present address: R. MEWE, Labora-
torium voor Ruimteonderzoek, University of Utrecht, Ut-
recht, The Netherlands.
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bias field parallel to the main confining field, the
heating becomes less effective because of the reduc-
tion of the compression ratio®~8. The production
of a low-f pinch — such as the above-mentioned
screw pinch — therefore requires a large capacitor
bank. This paper gives the formulae necessary to
calculate the parameters of this bank. A reduction
of costs is possible if, in addition to the main
capacitor bank, a small fast bank is used. This
method, described earlier by DE VRIES 3, has the
advantage of a high initial field rise and therefore
of an increased heating during the fast implosion.

2. Formulae for the Heating of a Theta Pinch

In a theta pinch device the plasma is produced
and heated by the shock and adiabatic compression
due to a fast rising magnetic field induced by
discharging a low-inductance capacitor bank through
a coil around the discharge tube.
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